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1. Introduction
In this article, we would like to explain several results on weak positivity theorems
and Iitaka’s conjecture in positive characteristic. We fix an algebraically closed field
k of characteristic p > 0. For simplicity, we only deal with a surjective morphism
between smooth projective varieties whose geometric generic fiber is integral and
smooth. In this setting, we give proofs of weak positivity theorems (Section 4) and
explain the ideas of proofs of results on Iitaka’s conjectures (Section 5). For this
purpose, we explain trace maps of absolute and relative Frobenius morphisms (Sec-
tion 2) and an invariant which measures the positivity of coherent sheaves (Section
3).
2. Trace maps
In this section, we consider trace maps of Frobenius and relative Frobenius mor-
phisms.
2.1. Absolute Frobenius morphisms. In Sections 4 and 5, we consider the trace
map of Frobenius morphisms of the geometric generic fiber Xη of a surjective mor-
phism between smooth projective varieties f : X → Z. In general, Xη is Gorenstein
but not smooth. For this reason, we introduce trace maps of Frobenius morphisms
of Gorenstein varieties.
Let X be a Gorenstein variety. Let e be a positive integer. We denote by F eX :
X → X the e-times iterated absolute Frobenius morphism of X. We denote X by
Xe when we regard X as the source space of F eX .
Let ωX be the dualizing sheaf of X. We have Hom(F eX∗OX ,OX) ∼= F eX∗ω1−p
e
X by
the Grothendieck duality. Applying the functor Hom( ,OX) to OX → F eX∗OXe , we





X → OX .
X is said to be F -pure if φ(e)X is surjective. Let L be a line bundle on X. We have
(F eX∗ω
1−pe
X )⊗ L ∼= F eX∗(ω1−p
e





by the projection formula. Therefore the tensor product induces the homomorphism





















Image(H0(X,φ(e)X ⊗ L)) ⊆ H0(X,L).
Assume that X is projective and F -pure. Let L be an ample line bundle on X.
Then there exists an m0 such that S0(X,Lm) = H0(X,Lm) for every m ≥ m0 [7,
§3].
2.2. Relative Frobenius morphisms. Let f : X → Z be a surjective morphisms
from a Gorenstein projective variety X to a smooth projective variety Z. We denote
f : X → Z by f (e) : Xe → Ze when we regard X as Xe and Z as Ze. We define
the e-th relative Frobenius morphism F (e)X/Z of f to be the morphism f
(e) × F (e)X/Z :
Xe → X ×Z Ze =: XZe . When Z = Spec k, we sometimes identify F (e)X/Z with F eX .

























As shown by Kunz [11], the smoothness of Z is equivalent to the flatness of Z. Hence
F eZ is a Gorenstein morphism, and so is π
(e), which implies that XZe is Gorenstein.





by the Grothendieck duality. Applying the functor Hom( ,OXZe ) to the natural





Xe/Ze → OXZe .
Let L be a line bundle on X, and set LZe := π(e)∗L. We have
(F (e)X/Z∗ω
1−pe
Xe/Ze)⊗ LZe ∼= (F (e)X/Z∗(ω
1−pe









by the projection formula. From this the tensor product induces the homomorphism





of OXZe -modules. Taking the direct image by fZe , we obtain the homomorphism ofOZe-modules
fZe∗(φ
(e)




)→ fZe∗LZe ∼= F eZ∗f∗L.
Here the isomorphism follows from the flatness of F eZ . One of the important property
of relative Frobenius morphisms and their trace maps is compatibility with base
change. See [16, §2] for more details. Let W be a regular scheme and h : W → Z
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3be a morphism. Assume that V := X ×Z W is Gorenstein. Let g : V → W be the




















whose squares are Cartesian. Let L be a line bundle on X. Set LW := (V → X)∗L





















Let η be the geometric generic point of Z. Let h : Spec k(η) → Z be the natural
morphism and V := X ×Z Spec k(η) be the geometric generic fiber of f . Then by
the flatness of h, we have
(f∗L)⊗ k(η) ∼= H0(V,LSpec k(η)).
Furthermore, by the above argument, we see that
(Image(fZe∗(φ
(e)
X/Z ⊗ LZe)))⊗ k(ηe) ∼= S0(V,LSpec k(η)).
In particular, if S0(V,LSpec k(η)) = H0(V,LSpec k(η)), then fZe∗(φ(e)X/Z ⊗LZe) is gener-
ically surjective.
3. Weak positivity and numerical invariant
In this section, we introduce an invariant used to measure positivity of coherent
sheaves. This plays an important role in the proof of the main theorem.
Throughout this section, we let G be a coherent sheaf on a smooth projective
variety Z over an algebraically closed field k of positive characteristic. We first
recall some definitions.
Definition 3.1. G is said to be generically globally generated if the natural morphism
H0(Z,G)⊗k OZ → G is surjective on the generic point of Z.
Viehweg introduced the notion of weak positivity as a generalization of nefness of
vector bundles.
Definition 3.2 ([12, Notation, (vii)]). G is said to be weakly positive if for an ample
divisor H and for each α > 0 there exist some β > 0 such that (SαβG)∗∗ ⊗OZ(βH)
is generically globally generated. Here (SαβG)∗∗ is the double dual of the αβ-th
symmetric product of G.
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Remark 3.3. (1) The above definition is independent of the choice of ample divisor
H (e.g.,[19, Lemma 2.14]).
(2) Assume that G is a line bundle. Then G is weakly positive if and only if it is
pseudo-eﬀective.
(3) Assume that G is a vector bundle on a smooth projective curve. Then G is
weakly positive if and only if it is nef.
Definition 3.4. Let D be a Q-Cartier divisor on Z. Then we define
T (G, D) :=
⎧⎨⎩ there exists an integer e > 0 such that
⎫⎬⎭ε ∈ Q peε ∈ Z and (F eZ∗G)(−peεD) isgenerically globally generated. , and
t(G, D) := supT (G, D) ∈ R ∪ {−∞,+∞}.
Next we list some properties of t(G, D).
Lemma 3.5. With notation as Definition 3.4, let F be a coherent sheaf on Z.
(1) If there exists a generically surjective morphism F → G, then t(F , D) ≤
t(G, D).
(2) If {t(F , D), t(G, D)} ̸= {−∞,+∞}, then t(F , D) + t(G, D) ≤ t(F ⊗ G, D).
(3) For each e > 0, t(F eZ
∗G, D) = pet(G, D).
(4) If t(G, D) = +∞ and G is of positive rank, then −D is pseudo-eﬀective.
(5) Let H be an ample divisor on Z. Then t(G, H) ̸= −∞. Furthermore, if
t(G, H) ≥ 0, then G is weakly positive.
Proof. (1)-(3) are follows directly from the definition. For (4) (resp. (5)), we refer
[8, §3] (resp. [7, §4]). !
4. Weak positivity theorems
In this section, we prove two kind of weak positivity theorems in a simple situation.
For more general statements, please see [7] and [8].
We first prove a weak positivity theorem under some global conditions on geo-
metric generic fibers.
Theorem 4.1 ([7, Theorem 5.1]). Let f : X → Z be a separable surjective morphism
between smooth projective varieties with connected fibers and η be the geometric
generic point of Z. Assume that
(i) the graded ring
⊕
m≥0H
0(Xη,ωmXη) is a finitely generated k-algebra, and








Then f∗ωmX/Y is a weakly positive sheaf for every m ≥ m0.
Remark 4.2. The assumptions of the theorem are satisfied if one of the followings is
satisfied:
(0) Xη is a reduced zero-dimensional k(η)-scheme.
(1) Xη is a smooth projective curve of genus at least two and m0 ≥ 2.
(2) Xη is a projective surface of general type with at most rational double point
singularities, m0 ≫ 0 and p ≥ 7.
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5(3) Xη is a projective variety with at most F -pure singularities, KXη is ample
and m0 ≫ 0.
Remark 4.3. There exists a counter-example to Theorem 4.1 if we do not assume
the assumption (ii).
Proof of Theorem 4.1. LetH be an ample divisor on Z. For simplicity we set t(n) :=
t(f∗ωnX/Z , H) for every integer n.
Step 1. We show that there exist integers l, n0 > m0 such that t(l)+ t(n) ≤ t(l+n)
for each n ≥ n0. By the assumption (i), we see that for every l > m0 having enough





is surjective. This implies that the natural morphism
f∗ωlX/Z ⊗ f∗ωnX/Z → f∗ωl+nX/Z
is generically surjective, and hence we have t(l) + t(n) ≤ t(l + n) by Lemma 3.5.
Step 2. We show that t((m − 1)pe + 1) ≤ pet(m) for each e > 0 and for each
m ≥ m0. We use the notation in Subsection 2.2. Set L := ωmX/Z . As shown in






X/Z⊗ωmXZe/Ze )−−−−−−−−−−−−−→ F eZ∗f∗ωmX/Z
of OZ-modules, and this is generically surjective by the assumption (ii). Hence by
Lemma 3.5, we have
t((m− 1)pe + 1) ≤ t((F eZ∗f∗ωmX/Z), H) = pet(m).
Step 3. We prove the theorem. Set m ≥ m0. If m = 1, then t(1) ≤ pt(1) by Step
2, which gives t(1) ≥ 0. Thus we may assume m0 ≥ 2. For e ≫ 0, we let qm,e and
rm,e be the quotient and the remainder of (m− 1)pe + 1− n0 by l respectively. We
note that qm,e > 0 since m ≥ m0 ≥ 1, and that pe − ql,e e→∞−−−→∞. Then
qm,et(l) + t(rm,e + n0)
Step1≤ t((m− 1)pe + 1) Step2≤ pet(m),
and so c := min{t(r + n0)|0 ≤ r < l} ≤ pet(m) − qm,et(l). Substituting l for m, we
obtain that c ≤ (pe− ql,e)t(l) for each e≫ 0, which implies that t(l) ≥ 0. Therefore
c ≤ pet(m) for each e≫ 0, and hence t(m) ≥ 0. This completes the proof. !
The following theorem can be viewed as a kind of weak positivity theorem. The
theorem requires a strong condition onKX , but does not require any global condition
on Xη.
Theorem 4.4 ([8, Theorem 1.4]). Let f : X → Z be a separable surjective morphism
with connected fibers. Assume that
(i) Xη is F -pure.
(ii) KX ∼Q f ∗(KZ + L) for a Q-Cartier divisor L on Z.
Then L is pseudo-eﬀective.
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Proof. As seen in Subsection 2.1, there exist an ample line bundle L on X such that
S0(Xη,L|Xη) = H0(Xη,L|Xη)
and that f∗L is globally generated. Then we see that
f∗(φ
(e)





is generically surjective as shown in Subsection 2.2. Let l > 0 be an integer such
that lD is Cartier and lKX/Z ∼ lf ∗D. For e ≫ 0, we let qe and re be the quotient






) ∼= OZ(−qeD)⊗ f∗(ω−reX/Z ⊗ Lp
e
).
Let m0 be an integer such that for each 0 ≤ r < l, f∗(ω−rX/Z ⊗ Lm0) is globally




⊗ L|mXη)⊗H0(Xη,L|Xη)→ H0(Xη,ω−rXη ⊗ L|m+1Xη )
induced by the multiplication is surjective for every m ≥ m0. This implies that the
natural morphism
f∗(ω−rX/Y ⊗ Lm)⊗ f∗L→ f∗(ω−rX/Y ⊗ Lm+1)
is generically surjective for every m ≥ m0. By the above argument, for every e≫ 0,
we have generically surjective morphisms
OZ(−qeD)⊗ (f∗ω−rX/Z ⊗ Lm0)⊗ (
pe−m0⊗
f∗L)→ f∗(ω1−peX/Z ⊗ Lp
e
)→ F eZ∗f∗L.
Assume that D is not pseudo-eﬀective. Then by Lemma 3.5 (4), t(G, D) ̸= +∞
for any coherent sheaf G of positive rank. Applying Lemma 3.5 (2) to the above
homomorphism, we obtain
t(OZ(−qeD),−D)+ t(f∗(ω−rX/Z ⊗Lm0),−D)+ (pe−m0)t(f∗L,−D) ≤ pet(f∗L,−D).
It is easily seen that t(OZ(−qeD),−D) = qe. Set c := min{t(f∗(ω−rX/Z⊗Lm0 ,−D)|0 ≤
r < l}. Note that c ̸= −∞ by the choice of m0. Since t(f∗L,−D) ̸= −∞ by the
choice of L, we have t(f∗L,−D) ∈ R. Therefore we get
qe + c ≤ m0t(f∗L,−D)
for every e ≫ 0, which is a contradiction. Hence we conclude that D is pseudo-
eﬀective. !
5. Iitaka’s Cn,m conjecture
In this section, we survey some results on the following Iitaka’s conjecture in
positive characteristic, and explain briefly the ideas of the proofs of two of them
proved in [7] and [9].
Conjecture (Cn,m). Let X and Z be smooth projective varieties of dimension n
and m respectively over an algebraically closed field and f : X → Z be a surjective
morphism whose geometric generic fiber Xη is integral and smooth. Then
κ(X) ≥ κ(Xη) + κ(Z).
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minimum element κ ∈ {−∞, 0, 1, 2, . . .} such that there exists c > 0 satisfying
dimkH0(X,ωmX ) ≤ cmκ for each m > 0. The Kodaira dimension is a birational
invariant which plays an important role in birational geometry, and tells us some
hints about geometric features of varieties.
In characteristic zero, many results related to Conjecture Cn,m are known. (For a
list of references, please see [9, §1].) In positive characteristic, Conjecture Cn,m has
been proved in some cases recently. Chen and Zhang showed Cn,n−1 [6, Theorem
1.2]. Patakfalvi proved Cn,m when Z is of general type and the Hasse-Witt matrix
of Xη is not nilpotent [15, Theorem 1.1].
Recall that for a smooth projective variety V we have κ(V ) ≤ dimV and that V
is said to be of general type if κ(V ) = dimV . As an application of Theorem 4.1, we
show that Conjecture Cn,m holds in some situations.
Theorem 5.1 ([7, §7]). Let f : X → Z be a surjective morphism between smooth




0(Xη,ωmXη) forms a finitely generated k-algebra, and








If Z is of general type, or if Z is a curve, then Conjecture Cn,m holds.
Idea of the proof. In the situation of the theorem, f∗ωmX/Z is weakly positive for every
m ≥ m0 as shown by Theorem 4.1. From this, the theorem follows by a standard
argument if Z is of general type. For more details, please see the proof of [7, Theorem
7.2]. If Z is an elliptic curve, we need to show that π∗f∗ωmX/Z is globally generated
for a finite morphism π : Z ′ → Z from an elliptic curve Z ′. To this end, we use the
classification of vector bundles on elliptic curves due to Atiyah [1] and Oda [13]. For
more details, please see the proof of [7, Theorem 7.6]. !
The following is a direct corollary of the theorem.
Corollary 5.2. Let f : X → Z be a surjective morphism from a smooth projective
3-fold to a smooth projective curve whose geometric generic fiber Xη is a smooth
projective surface of general type. Then Conjecture Cn,m holds true.
Next we consider Conjecture Cn,m in the case when dimX = 3.
Theorem 5.3 ([9, Theorem 1.2]). Conjecture C3,m holds when p > 5.
Under the assumption that p > 5, Conjecture C3,1 was proved when k = Fp by
Birkar, Chen and Zhang [4, Theorem 1.2], and when the genus of Z is at least two
by Zhang [20, Corollary 1.9].
Idea of the proof of Theorem 5.3. Since Conjecture Cn,n−1 is settled [6, Theorem
1.2], we only need to consider C3,1. We divide the proof into three cases. When
κ(Xη) = 2, C3,1 is proved by Corollary 5.2. When κ(Xη) = 1, by the minimal model
program for 3-folds provided by [2, 3, 5, 10], we may assume that KX is nef over Z.
Note that we never obtain a Mori fiber space by the assumption of κ(Xη) = 1. In
this situation, we can show that for every m ≫ 0, f∗ωmX/Y contain a nef subbundle
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V (m) of rank large enough. Using this, we prove the assertion by a standard argu-
ment if Z is of general type. If Z is an elliptic curve, we need to show that π∗V (m)
is globally generated for a finite morphism π : Z ′ → Z from an elliptic curve Z ′. To
this end, we apply the abundance theorem on two-dimensional log canonical pairs
[18] for a log canonical center of a pair which dominates Z. For more details, please
see [9, §4]. When κ(Xη) = 0, by the minimal model program again, we may assume
that KX ∼Q f ∗(KZ + L) for a Cartier divisor L on Z. Then by Theorem 4.4, we
see that L is pseudo-eﬀective. Using this, we can show the assertion by a standard
argument if Z is of general type. If Z is an elliptic curve, the assertion follows from
Theorem 5.4 below. !
Theorem 5.4 ([9, Theorem 3.2]). Let f : X → Z be a surjective morphism from a
smooth projective variety X to an elliptic curve Z whose geometric generic fiber is
integral and smooth. Assume that KX ∼Q f ∗(KZ +L) for a Q-Cartier divisor on L
on Z. Then L is semi-ample.
Idea of the proof. As shown by Theorem 4.4, we have degL ≥ 0. We may assume
that degL = 0. We need to show that L is a torsion line bundle. To this end, we
use the trace map of relative Frobenius and the classification of vector bundles on
elliptic curves due to Atiyah [1] and Oda [13]. For more details, please see the proof
of [9, Theorem 3.2]. !
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